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Topic: Probability

The probability of an event is a measure of the likelihood it will happen.

A probability of 0 indicates that the event Is impossible.

A probability of 1 {or 100%) indicates that the event is certain to happen. -
All other events have a probability between 0 and 1. ’

Equally likely outcomes
n{A) <«—number of vutcomes in evenl A

Pla) = n(S) ~e—tolal pumber of vutcomes in the possibiiily space § z

Complement -

The complement of 4 is 4’ where A is the event ‘A does not occur’.
P(ATy =1-P(4) PN

Combined events ’ *\

For events A and B,
P(A orB) = P(A) + p(g) - P(A and B) R at ‘or’ means 4 or Bor both,
‘Insetnotation  P(A U B) = P(A) + P(B) - P(A N B) ,
Mutually exclusive events (: 0
For mutually exclusive events A and B
C PAamdB) =0, 0
5G ' P{A or B) = P(A

f2)] ‘or’ rule for mutuaily exclusive events
in set notation - B '
Conditional pro
_ P(Aand B)

P(B)
18) = P(B) X P(A| B) = P(A) X P(B | A)

B0

P(ASgive
.9‘1’?“

independent events
For independent events A and B

P(A | g}w PEA)
. PBlIYH=PE . .,
P(A and B) = PLAY X P(B) . ‘andf ride forindependent svents

Inset notation ~ P(A N B) = P(A) X P(B)




Topic: Discrete Random Variable

Alist of all possible values-of the discrete random variable X, together with their associated
probabilities, is called a probability distribution, S e —.

The sum of the probabilities of all possible values of a discrete random variable X is 1.

ie. Z PX=x)y=1or E:p =1 _ pis shorthand for P(X = x)

E(X), the expectation (mean, expected value) of X
p=EX)=3xp

Var(X), the variance of X -

o = Var(X) =3 (x — p)*p S TR @
Alternative version e Q

ot =Var(X) = 1 °p— EXP  ie Var(X) = T xtp ~ 42

if X'is the number of successiul outcomes ixz@endeﬁt trials and p is the probability of a

successful outcome, then X ~ B(n, p).
Q— p, forr=0,12 ....n

PCX=n=(")pg eg
ﬂl: ”0 ifi!}'ﬂf» . i = C e nt
(n — ) failures : {-” ) - A - 3

4 k‘“‘u
B = ap

Topic: Binomial Distribution

Number of ways to
choose rfrom n

Expectation

Variance - = g = npq
S:andargﬁsﬂ:&ﬁun Jnpg

The most likely nuffiber of successes (the mode) is the value of X with the highest nrohahilitv




Topic: Normal Distribution

Standard normal vaﬁabte Z

Z~N®©. 1) . mean =0, variance = |, standard deviation = 1

Normal variable X

X~ N(g, o%) . mean = y, variance = ¢, standard deviation = ¢
X~
To standardise X, use 7 = *——;-«’Ef-
i

To find probabilities use the normal distribution table

In these illustrations 4 = U h=14a<

P(Z < a) = ®(a) P(Z > a) = 1 — d(a)

PZ > —a) = d(a)

By,
. {a)

e | Q ok
Pla < Z < by = dlh) ~ {Qo P(-b<Z < —a) = D(B) - ®(0)

E T

E

P-a<Z<b) = $(b) - (- b@) P(~a'< Z < @) = 2P(@)- |

T

¥ ¥
~a 0 b

To hnd z values, read the normal dxstnbutmﬂ table in reverse, or use the table of Criti(taf
values (page 2186).

Ud(z) = p,1e. PZ < 2) = p,then z = b~ (p)

b



Fl

The normal approximation to the binomial distribution

If X~B(n,p)andnp >5and ng>5, whereg=1-p
- X ~ N(np, npq) with p = ap and o = Jnpq

X ~N{ap, npg)

o = np
Continuity corrections
Continuity corrections must be used when calculating binomial probabilith a normal
approximation, for example
PX < 32) — P(X < 31.5) PX < 32) — P(X < 39,
P(X > 32) - P(X > 32.5) ) P(X=32) — P(X > &

P(3 << X < 10) - P(35 < X < 9.5) PA=X= m)@s < X < 10.5)




Topic: Representation of Data

Measures of central tendency (averages)

Mode It is useful when the most popular | 1t is not useful in very small data
category is needed, for example sets or when there are more than
clothes or shoe sizes. two modes.

There may not be a mode.
It may not be representative, {or
example it could be the lowest
value. A
The modal class depends on the
grouping of the datal’ "

_ It is not uselul k analysis,

Median Itis not affected by extreme values. | It does not %le data set.
It can be found as spon as a’ Itis nobus fdrther analysis.
middle value is known, such as the x 4
distribution of times of runners in & )
arace,

Mean It is calculated using all the data he unduly affected by one or
and so represents every item. tWo extreme values.

It is calculated using a

mathematical formula, s @ |
calculators can be progdra o= |
find it. § é
It is extremely use urther f
analysis. % |

Measures of variability (spread

(" Advantages
Range- 1o calculate.
ats the complete spread
2 3 ;
Interquartile sage t unduly influenced by
®

reme values,
It can be used to investigate
extreme values, .

| it depends only on particular values
“| when the data are ranked.

Standard deviation  |Jt-is calculated using all the data
and so represents every item,

It is calculated usinga

mathematical formula, so
calculators can be programmed to
find it.
It is very useful for further analysis.
It is useful in comparing.two sets of
data, for example by showing which
is more consistent.

It can be unduly affected by one or |

wo extreme values.
For a single set of data, its value is

difficult to interpret.




Diagrammatic representation

Bar chart

It shows the mode.

it is only useful for qualitative data.

Different sets of data can be
-compared using comparative bar
charts.
Pie chart It shows the proportions of each It has limited use with quantitative

quantity.

data.
It does not show frequencies.

Vertical line diagram

it shows the mode clearly.
it gives an idea of the shape of the .
distribution.

It is only useful for illustrating a
small number of values.

Stem-and-leaf diagram

It shows all the original data.

it shows the shape of the
distribution.

The mode, median and quartiles
can be found from the diagram.

It is useful for comparing two sets
of data.

Histogram

It can represent groups of differ
widths.

It shows whether the d&@

symmetrical or skew.
The mean and standa
can be estimated fré

ft is not suit
of data.

N
,Qi

Jede

he visual impact can be altered by
choosing different groups.
Two distributions cannot be shown
on the same diagram.

Cumulative frequency
graphs

Box-and-whisker plot

The median a

estimated fom
Sets
' g graphs on the same

The visual impact can be altered by
using different scales.

' to see whether the
ation is symmetrical or
her there is a tall to the left or

It can be used to investigate
extreme values (outliers).

same diagram.

It does not show frequencies.




Histogram (grouped data)
frequency

Cz
Frequency density = T % g i
Area of bar = frequency in that interval = : ] _
Total area = total frequency 0 50 100 X

There are no gaps between the bars,
Interval width = upper class boundary ~ lower class boundary
The modal class is represented by the highest bar.

Mean and standard deviation ' e q

For raw data; ¢
T T [ N
n n

) |
e standard deviation = %,’ )3 N

Use the calculation versions.

For data in a frequency table:
_ BT
X = ) standard deviation = QZ(X Lk N

e 2 B
When data are grouped, use the mid-interv@

mid-interval value = J(l.c.b. + u.c.%

Combining sels of data for x and

o represent the interval, where

DR+ Yy
eviation = lj E;ET——;;)# - (mean)?
i i 2"

Finding the tandard deviation using ) {x — a) and 3 {x — a)?
, 9
A ,

Using formulae

You could use the following formulae:

: }:EM%‘Q
pes ]

mean of (x - @) ’ mean of (x — a)




Median and quartiles

Median

For a set of n numbers arranged in ascending order:

~when 1 is odd, the median is the middle value

- when n is even, the median is the mean of the two middie values.

This is summarised by saying that the median is the %(n + 1) value.

Quartiles
~ The lower quartile, Q,, is the median of all the values before the median.

—The upper quartile, Q,, is the median of all the values after the median.
List the values in order and count through the data values to ﬁnci the median and

les
When estimating the median and quartiles from a cumulative frequency a a large
total frequency, the following are usually used:

median = ;n"‘ value, lower quartile = ~n"‘ value, upper quart? Vdine

Ranges

Range = highest value — lowest value

Interquartile range (IQR) = upper quartile - lower ¢

Box-and-whisker plot

(INERE SR
. f
’f? Maximum
M 4
*®
Shape of a distfibution
N Negative skew Symmetricak: Positive skew

o

01




Topic: Permutations and Combinations

ARRANGEMENTS IN A LINE

Arrangements of distinct items

The number of different arrangements of 1 distinct items ig
) b n must be a positive integer
nX(n-DX{n~2X..X3IX2X1=n

Example 1:

Each of the letters of the word CAMBRIDGE is written on a card and the cards are placed in

a line.-
(i) How many dilferent arrangements are there? e
(i) How many arrangements begin with CAM?
. R /
There are 9 letters and they are distinct (no repeat letters). *\

) Number of arrangements = 9! = 362 880 >
On calculator using dael 5

(if) Place the first three letters CA M

There are now only 6 letters to be p!a@

Number of arrangements = 6! = 720 ‘ .
| 0 OEE) 720

Arrangements when items éQisiinct
The number of different arfangementsiol i1 items of which p of one type are alike, ¢ of another

n
PXgxXAx,,.’

type are alike, r of anothe like, and so on, is

Example 2: PPN

: o 0 :
- Find the nurmr of arrangements using all ten letters of the word STATISTICS.

‘There are 10 letters to be arranged.
“Consider the letters that arefépeafé?d‘ .
T occurs 3 times.
S occurs 3 times.

I oceurs 2 times.

So the number of different arrangements

S e
T aixa 20400

T
3Ts 3 Ss 218




Arrangements when there are restrictions

Example 3:

The word ARGENTINA includes the four consonants R, G, N, T and the three vowels A, E, 1.
(1) Find the number of different arrangements using all nine letters.

(i) How many of these arrangements have a consonant at the beginning, then a vowel,
then another consonant, and so on aiternately? . .
Cambridge Paper 6 Q1 N04

(i) There are 9 letters.
A occurs twice and N occurs twice.
So the number of different arrangements

i <
o 90'?29 ; @
O

2 AS 2 NS 0\
(i) You want a consonant at the beginning (C). then a vowel (

(V), then another consonant (C), and so on -
ie.CVCVCVCVC

First place the consonants, noting that there are re

Number of arrangements of the consonan @ i
e
S 60
X
2Ns

Now place the vowels, noting are repeais.

The four vowels A, A E ot into the four spaces between the consonants.

Number of arran { the vowels A, A E, |

_ 4
= e 12
»
X
So the iumbe rarigemenis-wi{h consonants and vowels placed alternately
51 41 '
¢

= 51 X 5p= 60%e12-=:720




Arrangements when repetitions are allowed
Example 4:

How many 5-digit odd numbers can be made with the digits 2,3 8. 7, 8
(i) if repetitions are not allowed, for example, 63 287,
(i) if repetitions are allowed, for example, 88 663?

Since the number is odd, it mustendina3ora 7.

(1) MU repetitions are not allowed:

There are 2 choices for the last digit.

The remaining 4 digits can be arranged in 4! ways. : @

So, if repetitions are not allowed, there are 2 x 4! = 48 possible odel i
(i) 1 repetitions are allowed:
There are 5 choices for each of the first 4 digits, but only 2 (@ for the last digit.

So, if repetitions are allowed, there are

~aX S,xféxﬁ:meS‘xZ:IZSonssibleoddn el

Exémple 5:

(i) Safebank requires its customers to use igit PIN to access their account.
Customers can choose any set of 4 di rom 0,1, 2, ..., 9 and digits may be repeated.
How many possible four-digit Pl 2

(ify Smartbank requires its custo se a password consisting of four lower-case
many possible passwords are there?

(iif) Excelbank require: 5 to use a pass-code consisting of four letters followed
by four digits. Re re allowed. How many possible pass-codes are there?

€] Theré@ 10'ehoic each of the four digits, so number of g)ObSIble
10 = 10% = 10000

(ii) There are 26 ices for each letter, so number of possible passwords
: = 26 X 26 X"26: % 26=:26=456976

(iii) Number of possible pass-codes
= 26% X 10* = 4569 760000




PERMUTATEO&S OF r ITEMS FROM n ITEMS

The number of permutations, or ordered arrangements, of r items taken from 7 distinct items is

P = o P, can also be written P,
SN (S|

in permutations, the order of the selection matters.

Example 6:

Find how many numbers bigger than 30000 but smaller than 40000 can be formed from the
digits 2, 3,4, 5,6, 7, 81if no digit is repeated and the number must be a multiple of 5.

It must start with 3 and end with 5, so fix these two digits
There are now three spaces to fill and the digits must be taken fr( five digits 2, 4,6, 7, 8.

Number of ways to fill the three remaining places y

_The number must have 5 digits. ' :‘e

o s P A
e = 6 Directly or:
I G- H o2 T o
Se 60 different numbers can be made which LY 's@wnditions,
Example 7: o

A securily code consists of 4 letters ¢
chosen from 0, 1,2, 3, 4, 5.

- Examples are BCDG102 (wit

Show ii’_la:t more than fi as many codes can be made when repetifions are allowed
than when repetition —

There a‘e:&ttf:

When repetitions a

Number of arrangemmts of 4 letters from 7 lettere

o | ?f -
~ P TR =T

Number of arrangements af ‘fl digxts from 6 dlgns :

51 i

‘Number 6f possable ccdes (repetitions not allowed)
= 840 X 120 = 100800




When repetitions are allowed:

There are 7 choices for each of the 4 letters, so number of choices = 7.
There are 6 choices for each of the 3 digits, so number of choices = 6°. i
Number of possible codes (repetitions allowed)

=T X 67

= 518616 > 5 X 100860

So more than five times as many codes can be made when repetitions are allowed.

.dmatter.

written "C,

COMBINATIONS OF r ITEMS FROM n ITEMS

A combination is a selection of some items where the order of the selected iter

The number of combinations of ritems chosen from n distinct items is g

(n = e nt : i
) = aCo= r{n ~ ry
b G -7 :
-
. achoosey

In combinations, the order of thie selection does not matie;

Example 1: @

Issam has 11 different CDs of which 6 are ¢, 3 are jazz and 2 are classical. Issam
makes a selection of 2 pop music CDs, 2 s and 1 classical CD.

y Bl . 5 » + {; . g
How many different possible select 1t be made? Cambridge Paper 6 Q3(ii) part J08

Number of ways to ch p music CDs fmr}t 6 pop music {Ds = (S}

Number of ways to o

Yl

zz CDs from 3 jazz CDs = (3)

Numb%&y’ays classical CD from 2 classical CDs = (%)

* ;
S0 number of possible selections

5 £




Example 2:
A collection of 18 books contains one Harry Potter book. Linda is going to chom,e 6 of these
books to take on holiday.
(i) In how many ways can she choose 6 books?
(i) How many of these choices will include the Harry Potter book?
Cambridge Paper 6 Q6{a) NO3

(i) Number of ways to choose 6 books from 18 books

18y _ 18
( 5} = sy = 18564

(ify If the Harry Potter book is inciuded, Linda has to choose the other 5 boo@m
17 books.

Number of ways including the Harry Potter book éq
VA Y - : L/
( 5/ 5021 Bk (\ :
Example 3: O

A committee of 5 people is to be chosen from 6 men a
this be done:

men. In how many ways can

(1) if there must be 3 men and 2 women onthe ‘cgmmittee,

(i) if there must be more men than wom committee,

(it} if there must be 3 men and 2 wome ne particular woman refuses to be on the

committee with one particular L)’ .
Q Cambridge Paper 6 Q5 J03
(i) Number of ways ;Emen from 6 men = (g) 4 g
e 2 women from 4 women = (g)

=120
(ii) If there are more men‘than woriien on the cofmitteatheraicaild ha
“"Number of ways
5 men, 0 women (g) =6
4 men, 1 woman (g} X (’%)z 15X 4 =60
3 men, 2 women (g} X ( ) 20 X6 =120

Total number of ways = 6 + 60 + 120 = 186.




(i) Denoting the particular man by M and the particular woman by W, first consider the
number of ways with both M and W on the cominittee,

You now need to choose two more men and one more woman.

. o
Number of ways to choose 2 men from 5 men = (g)

Number of ways to choose 1 woman from 3 women = (?)

So number of ways with both M and W on the committee

=(5)x{?)= 10 % 3 =30

2]
‘Now subtract this from the number of ways of choosing the committee with trictions.
From part (i), total number of ways to choose committee = 120 q
So number of ways with not both M and W on the committez b
=120 - 30 ' \ '
=090 (
Combination of » items from n items when the i ‘e not distinct
Example 4:
Three letters are selected at random from thé lettexrs'61 the word BIOLOGY.

Find the total number of selections. 0

The answer is not @} as you might

Because there are two fetle to find the number of selections with

no letters O
one letier O
two letters O
: For example
and then otidhtheSeloge /B Land ¥

- *
Number of s“e%ctio, no letter O

= number ofWays to choose three letterzs fromB,LL G Y
o “For example.
(3) 10

» /o‘v BandL ¢
 Number of seiectib{&g with _'t;'me l;&iﬁterﬂ
= number of ways to choose two letters fromB. L L G Y

"2 (5) =10 For example
2 /'(), CandB

Number of selections with two letters O )
= number of ways to choose one letter from B, 1, LGY
s :

Therefore, total number of selections = 10 + 10 + 5 = 25




Summary

Arrangements in a line
The number of different arrangements of n distinct objects is N

" n must be a positive integer

nXn-DXn-DX...X3X2X1=nl
|
The number of different arrangements of n items of which p are alike is }',;T
The number of different arrangements of n items of which p of one type are alike, g of
& y 2 s 7

another {ype are alike, r of another type are alike, and so on, is XX AR

By definition, 0! = 1

Permutations and combinations 0

Permutations ' Combinations
The number of permutations of r items The number of tions of r items
taken from n distinct items is taken from n ¢ items is
n n
T C et
WP (n—n) > @z Aln -~ )
In permutations, order matters. inations, order does not matter.

% o
Q@
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