Cl

0\
4  The polynomial x* =24 = 24% + a is denoted by .t is given that f(x) is divisible by X -4x+4.
(i) Find the value of a. o [3]
(ii) When a has this value, show tha never negative. [4]

Q’b
'y,)




9 Relative to the origin O, the point A has position vector given by OA =i+ 2j + 4k. The line / has
equation r = 9i - j + 8Kk + u(3i - j + 2Kk). ¢

(i) Find the position vector of the foot of the perpendicularofr [. Hence find the position
vector of the reflection of A in /. ‘\ [5]

9(i) EITHER:

Find AP for a general point P on / rameter 4,e.g(8+34,-3-4,4+24)

Equate scalar product of AP g ction vector of / to zero and solve for A

Obtain A = -2 and %i+%j+3k

C X »
arry ouL "0

£ 4
Obtain answer




10 The points A and B have position vectors, relative to the origin O, given by

— m—
OA=i+2j+3k and OB =2i+j+3k.
The line [ has vector equation

r=(1-20i+(5+8)j+ (2-1)k.

(i) Show that / does not intersect the line passing through A and B. e [4]

(ii) The point P lies on / and is such that angle PAB is equalato 07» Given that the position vector
of Pis (1 -20)i+ (5+1)j+ (2- 1)k, show that 3¢> + 7 0. Hence find the only possible

position vector of P. 0 [6]

9709_s08_rms_3.pdf

o and B,eg. r=i+2j+3k+s(i-j) Bl

10 (i) State a vector equation for the line th
Equate at least two pairs of compg

s or for ¢ Ml

Obtain correct answer . 5 =-6,2,-2whent=3, -1, -1 respectively Al

Verify that all three ¢ equations are not satisfied Al [4]

(ii) State or inw tor for AP has components (-2¢, 3 + ¢, —=1-f), or

equivalent A Bl
i AP.AB

State or imply co equals ——— M1*

ol

Carry out correct processes for expanding the scalar product and expressing the

product of the moduli in terms of #, in order to obtain an equation in 7 in any form M 1(dep*)

Obtain the given equation 3° + 7t + 2 = 0 correctly Al

Solve the quadratic and use a root to find a position vector for P M1

Obtain position vector 5i + 3j + 4k from 7= -2, having rejected the root 1 = -é for
a valid reason Al [6]



7  With respect to the origin Q, the position vectors of two points A and B are given by OA =i+ 2j+2k
and OB = 3i + 4j. The point P lies on the line through A and B, and AP = AAB.

(i) Show that OP = (1 +24)i+ (2 +24)j + (2 - 2A)k. 2]

(ii) By equating expressions for cos AOP and cos BOP in terms of A, find the value of A for which
OP bisects the angle AOB. [5]

(iii) When A has this value, verify that AP : PB = OA : OB. [1]

9709_wll_ms_32.pdf

(i) Use a correct method to express OP in terms of A \ M1
Obtain the given answer Al

(ii) EITHER: Use correct method to express scalar pro@OA and OP, or OB and OP
in terms of 4 M1
Using the correct method for the
moduli and express cos AOP = ¢

ivide scalar products by products of
in terms of A, or in terms of A and OP MI*

OR1I: Use correct method to expres OP’ — AP?, or OB® + OP’ — BP in terms
of 4 M1
Using the correct metho e moduli, divide each expression by twice the
product of the rele 1 and express cos AOP = cos BOP in terms of 4,
or 4 and OP M1*
Obtain a correct equati form, e.g. e = Lok Al
3O+ 44 +122%)  5\(9+44+122%)
Solve for 41,:?’ M1(dep*)
Obtain A= 2 Al

[SR: The M1* can also be earned by equating cos AOP or cos BOP 1o a sound attempt at
cos % AOB and obtaining an equation in 4. The exact value of the cosine is /(13/15),
but accept non-exact working giving a value of 2 which rounds to 0.375, provided the
spurious negative root of the quadratic in 4 is rejected.]

[SR: Allow a solution reaching 4 = % after cancelling identical incorrect expressions for

OP to score 4/5. The marking will run MIMIAOMIAL, or MIMIAIMIAO in such
cases. |

(iii) Verify the given statement correctly Bl

2]

[5]

(1]



The diagram shows the curve q

=8sindx—-tand
y =8singx — tan 3x

L/
for 0 € x < . The x-coordinate of the maximum point is & an aded region is enclosed by the

curve and the lines x = & and v = 0. 0
[3]

(i) Show that & = 7.

(ii) Find the exact value of the area of the shad e@ : [4]

: 2
Obtain ‘Qx= Im a=—rx Al 3
w“ 2 3 Gl
(i) Integrate to obtain —lErcos%x Bl
. +2 lncos%xor equivalent Bl
B ge 2. 1 1
Using limits 0 and E:z in acosE:c+ bln cosEx MI

Obtain 8+ 2 ln% or exact equivalent Al [4]



10 (a) The complex numbers « and w satisfy the equations
u-w=41 and wuw=>5.

Solve the equations for u and w, giving all answers in the form x + iy, where x and y are real.

(5]

(b) (i) On a sketch of an Argand diagram, shade the region whose points represent complex

numbers satisfying the inequalities |z — 2 + 2i| < 2, argz < —i:r and Rez = 1, where Re z
denotes the real part of z. [5]

(ii) Calculate the greatest possible value of Re z for points lying in the@ed region. [1]

10 (a) EITHER:Eliminate u or w and obtain an equation in Ml
Obtain a quadratic in u or w, e.g. u” —4i rw’ +4iw-5=0 Al
Solve a 3-term quadratic for « or for Ml
OR1:  Having squared the first equatio te # or w and obtain an equation in w
or u Ml
Obtain a 2-term quadratic in g u=-3+4i Al
Solve a 2-term quadratic Ml
OR2: Usingu=a+ib,w= d, equate real and imaginary parts and obtain 4
equations ina, b, ¢ M1
Obtain 4 corr Al
Solve for a orcandd Ml
Obtain answer u = 1 1 Al
Obtain answe?u = =1 = 21 and no other Al [5]
24
»
(b) (i) Show point representing 2 — 21 in relatively correct position Bl
Show a circle with centre 2 — 21 and radius 2 B1J/
Show line for arg z = —lﬂ: Bl
Show line for Rez =1 Bl
Shade the relevant region Bl [5]

(ii) State answer 2+ \/5 , or equivalent (accept 3.41) Bl [1]



! i

0 n Q
The diagram shows the curve y = x cos %x forOSx< . ’\b
(i) Find ﬂ and show that 4ﬁ +y+4sinly =0 [5]
dx g e S
(ii) Find the exact value of the area of the region osed by this part of the curve and the x-axis.

[5]

9709_s14_ms_32.pdf

(4 "

(i) Use product rule

Obtain derivative in form Al
Differentiate first d ing the product rule M1
Obtain se y correct form, e.g. —3sinx—Lxcostx—1sintx Al
Verify tfi¢ gien s Al 5
®

(ii) Integrate and reach kxsin{x+/ |sin{xdx MI1*
Obtain 2xsinix -2 |sin{xdx, or equivalent Al
Obtain indefinite integral 2xsin J x +4cos x Al
Use correct limits x = 0, x = 7 correctly M1(dep*)

Obtain answer 27 — 4, or exact equivalent Al 5



7 (a) Itis given that —1 + (v5)i is a root of the equation z° + 2z + a = 0, where a is real. Showing your
working, find the value of a, and write down the other complex root of this equation. [4]

(b) The complex number w has modulus 1 and argument 26 radians. Shov.@w _ : =1tan 6. [4]

7 (a) EITHER: Substitute and expand(-1+ NG i)"completelo M1
Use i’ = —1correctly at least once M
Obtain a =-12 Al
State that the other complex rootds" — i Bl
ORI: State that the other complex rootlis. 41— /5 i Bl
State the quadratic factor z 6 Bl

Divide the cubic by a 3 adratic, equate remainder to zero and solve for
a or, using a 3-term , factorise the cubic and determine a M1
Obtaina=-12 Al
OR2: omplex rootis —1 - 5 Bl
! Bl
Ml
@ Al
OR3: %stit se De Moivre to cube \fgcis(l 14.1"), or equivalent M1
al and imaginary parts of the expression MI
Obtain a =-12 Al

State that the other complex root is —1 - J5i Bl 4



5 (i) The polynomial f(x) is of the form (x - 2)2g(x), where g(x) is another polynomial. Show that
(x = 2) is a factor of f'(x). [2]

(ii) The polynomial x* + ax* + 3x® + bx* + a. where a and b are constants, has a factor (x - 2)%.
Using the factor theorem and the result of part (i), or otherwise, find t@ues ofaand b. |[5]

9709 _sl14 ms_32.paf

5 (i) Differentiate f(x) and obtain f{x)=(x- 2)2g (x)+ 2(x o Bl
Conclude that (x — 2) is a factor of {'(x) Bl 2

(ii) EITHER: Substitute x = 2, equate to zero s@correct equation,
eg. 32+ 16a+24+4b+a= Bl
Differentiate polynomial, s

inder to zero M1*
.80+32a+36+4b=0 Al
ORI : ith (x-2)*(x* + Ax* + Bx + C) and obtain an
equation infa andé MI1*
Obtain a ¢ ation, e.g. -!,-a—4(4+a)+ 4=3 Al
i orrect equation, e.g. - 3a+4(4+a)=b Al
or2: ** Diyide g polynomial by (x —2)’ and obtain an equation in @ and b M1*
) gleorrect equation, e.g. 29+8a+b+0 Al
Obtain a second correct equation, e.g. 176 +47a+4b=0 Al
Solve for a or for b M1(dep*)

Obtain a=-4 and b=3 Al 5



1  Find the set of values of x satisfying the inequality

|x+ 2al > 3|x-al, q
where a is a positive constant. b (4]

9709_s14_ms_22.pdf

1 EITHER:State or imply non-modular inequalit¥ ( )? > (3(x-a))*, or corresponding
quadratic equation, or pair of linear ca@ X+ Za] = iS(x - a) Bl
Make reasonable solution attempt @ erm quadratic, or solve two linear equations
for x MI
Obtain critical values x = = %a Al
State answer ;}a < Al
OR: in criti a from a graphical method, or by inspection, or by solving
Bl
asimilarly B2
Bl 4



10

e

T,

T5

o \/‘\/ §

The diagram shows the curve y = 1()43_11"t sindx for x =2 0. The ga i amts are labelled T, T,

T.. ... as shown. ¢

3
(i) Find the x-coordinates of 7', and 7,, giving each x-c correct to 3 decimal places.  [6]

(ii) Itis given that the x-coordinate of 7' is greater@ Find the least possible value of n. [4]

9709_s12 ins_31.pdf

10 (i) Use of product or quotient rule Ml
I
Obtain —5e ? sin4x Al
Equate L to zero tandz = k or R cos(4x + a) M1
oo
Obtain tandt =8 o 05[4.1: + tan ™' —] Al
Obtain 0.362 or 20.7° Al
Obtain 1.147 or 65.7° Al [6]
(ii) State or imply that x-coordinates of 7, are increasing by%:r or 45° Bl
Attempt solution of inequality (or equation) of form x; + (n— 1)kx. 25 M1
Obtain n> i(zs -0.362)+1, following through on their value of x, AV
T
n=33 Al [4]



[5]

2 Use the substitution i = 1 + 3 tan x to find the exact value of Q@
I V(1 +3tanx) tan.t) é
0

cos’x ‘\

9709_s14_ms_31.pdf

L
du 2 :
2 State = =3sec” x or equivalent Bl

Express integral in terms of u and du (a mpllﬁed and without limits) M1
1 =
Obtain J'—uz du 0 Al
3 < !
l
Integrate Cu? to obtain M1
Obtain % &2 Al 5]

»



(2]

N
@S 3]

1 (i) Simplify sin2asec a.

(ii) Given that 3cos2f + 7 cos 8 = 0, find the exact valu

1 (i) State sin2a = 2sina cosa and seca = 1/cg Bl
Obtain 2sina Bl [2]
(i) Use cos2f8=2cos’f—-1 or equiy, roduce correct equation in cosf Bl

Solve three-term quadrati

Qt or cosf3 Ml
Al [3]

Obtain cnsﬁ=% on

&

*



y
A
M
0\£ >
0
The diagram shows the curve y = e*™"* co JO@ < 37, and its maximum point M.

(i) Using the substitution 1 = sin x, ﬁnd act value of the area of the shaded region bounded by
the curve and the axes. [5]
(ii) Find the x-coordinate of Mg 8 ur answer correct to 3 decimal places. 6]

9_sl1l4 _ms_33.pdf

ey
*»
(i) Substitute fdr x and

oughout using u = sinx and du = cos x dx, or equivalent M1
Obtain integrand e Al
Obtain indefinite integral e Al
Use limits u = 0, u = 1 correctly, or equivalent M1

Obtain answer %(e2 —1), or exact equivalent Al 5



'

y @0

0

coordinates of M. [7]

The diagram shows the curve (x* + y%)* = 2(x° @an of its maximum points M. Find the

9709 :514_ms_33.pdf

dy . .
Set — equal tgzero : orizontal equation

dx PO

. 2 2 2
Obtain a correct gquatio x" +y° =1, from correct work Al
By substitution in the clirve equation, or otherwise, obtain an equation in x” or y> MI
Obtainx = %ﬁ Al

Obtain y =4 Al 7



8 (i) By first expanding sin(26 + 8), show that

sin30 = 3sin @ -4sin’ 6.

[4]

[1]

2sin @
(ii) Show that, after making the substitution x = 73 the equation X—-x+ %\B = () can be written
in the form sin36 = %.
(iii) Hence solve the equation
X =x+3/3=0, e
giving your answers correct to 3 significant figures.

[4]

8 (i) Usesin(4 + B) formula to express sin3 @in terms of4fig $unctions of 2@and & MIl
Use correct double angle formulae and Pythago ress sin3 @in terms of sin@ M1
Obtain a correct expression in terms of sin Al
Obtain the given identity Al 4]
[SR: Give M1 for using correct formul press RHS in terms of sinf and cos2é,
then M1AT1 for expressing in terms d sin3 & only, or in terms
of cos@, siné), cos2@and sin26, or obtaining the given identity.]
ridge International Examinations 2014
o
A g
Page 6 Mark Scheme Syllabus | Paper
Cambridge International A Level — October/November 2014 9709 32
(ii) Substitute for x and obtain the given answer B1 [1]
(iii) Carry out a correct method to find a value of x Ml

Obtain answers 0.322, 0.799, -1.12
[Solutions with more than 3 answers can only earn a maximum of Al + Al.]

Al +Al+Al  [4]



7  In a certain country the government charges tax on each litre of petrol sold to motorists. The revenue
per year is R million dollars when the rate of tax is x dollars per litre. The variation of R with x is
modelled by the differential equation

e

where R and x are taken to be continuous variables. When x = (.5, —@
i ms of x.

i ( ;lr = 0.57) .
[6]

(i) Solve the differential equation and obtain an expression for

(ii) This model predicts that R cannot exceed a certain a@ nd this maximum value of K. [3]

9709_w14_ins_32.pdf

7 (i) Separate variables correctly and attempgff cerate at least one side Bl
Obtain term InR Bl

Obtain Inx-0.57x Bl
Evaluate a constant or use limi R =16.8, in a solution containing terms of the form
alnR and blnx Ml
Obtain correct solutio orm Al
Obtain a correct ex R.eg R= xe”'so_o'ﬁ?'ﬂ , R= 44.7xe_ﬂ'5?x or
R =33.60%2 Al [6]
Mg

. dR

(ii) Equate Etn zero and solve for x Ml
State or imply x =0.57"", or equivalent, e.g. 1.75 Al

Obtain R = 28.8 (allow 28.9) Al [3]



il
6 Itis given that J In(2x)dx = 1, where a > 1.
1

[6]

2
(i) Show thata = %exp (l + HT), where exp(x) denotes e”.

(ii) Use the iterative formula q
In2

1 L/
a"+l=iexp(l+—a—) $\

to determine the value of a correct to 2 decimal ive the result of each iteration to
4 decimal places. [3]

M1*

1
Obtain xIn2x — j.x.—dx ,or Al
x
Obtain integral xIn2x Al
Substitute limits co equate to 1, having integrated twice M1 (dep*)
Obtain a correct ggt y form, e.g. aln2a—a+1—-In2 =1 Al
Obtain &e‘&an Al |6]
®
(ii) Use the iterative fefMula correctly at least once MI
Obtain final answer 1.94 Al

Show sufficient iterations to 4 d.p. to justify 1.94 to 2d.p. or show that there is a sign
change in the interval (1.935, 1.945). Al [3]



10 By first using the substitution u = e", show that

In4 2¢
I ————dx=In(}). [10]

: e +3e* +2

9709_w14_ms_33.pdf

10 State or imply %= e’ b . Bl
Substitute throughout for x and dx 0\ Ml

Obtain Iz;z du or equivalent (ignoring limits so far)o‘ Al

u” +3u+
: , : A B T
State or imply partial fractions of form > + v ing their integrand Bl
u+ u
Carry out a correct process to find at least one c{stan their integrand M1
Obtain correct et Al
u+2 u+l
Integrate to obtain a In(u +2)+ b In(z Ml
Obtain 2In(x +2) - In(x +1),0r , follow their 4 and B AW
Apply appropriate limits a east one logarithm property correctly Ml
Obtain given answer In ely Al [10]
L o4 ’.’
SR for integrand
u(e 1) +2)
State or imply partial fractions of form L £ (B1)
u u+l wu+2
Carry out a correct process to find at least one constant (M1)
Obtain correct e (A1)
u+2 u+l

...complete as above.



The variables x and y are related by the differential equation

dy
& - Loytsin (b).

(i) Find the general solution, giving y in terms of x

(ii) Given that y = 100 when x = 0, find the value of y when x £ b

(i)

9709_w1l4_ms 33.pdf

Sensibly separate variables and attempt 1nlb®at least one side M1

Obtain 2y- =... or equivalent Al

Correct integration by parts of xsin ras axcosE xzx jb cos ; xdx MI
Obain —3xcos%x+ [3co givaiem Al

Obtain - 3xcos%x - r equivalent Al

Obtain x:&‘ %sin % X+ c) or equivalent Al
Use x=0 and y =100 to find constant M*1
Substitute 25 and calculate value of y DM*1

Obtain 203 Al

[6]
(3]

(6]

(3]



10

The diagram shows part of the curve with parametric equations

x=2In(r +2), y=1> +2r+3.

(i) Find the gradient of the curve at the origin.

[5]

(ii) At the point P on the curve, the value of the parameter is p. It is given th@radiem of the

curve at P is %

(a) Show thatp =

(b) By firstusing an iterative formula based on the equation
of the point P. Give the result of each iteration t
P correct to 2 decimal places.

9709_s15_ms_31.pdf

Identify value of 7 at the origin as —1

; 5. O : o
Substitute to obtain — as gradient at the origin
2

(ii) (a) Equate derivative to L and confirm p = + -
2 3p°+2
(b) Use the iterative formula correctly at least once
Obtain value p = —1.924 or better (—1.92367...)

Show sufficient iterations to justify accuracy or show a sign change in

appropriate interval
Obtain coordinates (-5.15, =7.97)

1
e o b
A}

), determine the coordinates
places and each coordinate of

2

(1]

(4]



22 + 4i
2-i*

8  The complex number w is defined by w =

(i) Without using a calculator, show that w = 2 + 41. [3]

(ii) Itis given that p is a real number such that }IJ: <arg(w+p) < %nr. Find@et of possible values
[3]

of p.
(iii) The complex conjugate of w is denoted by w*. The complc;@@and w" are represented

in an Argand diagram by the points S and T rcspectivelf in the form |z = a| = k, the
equation of the circle passing through S, T and the origin.‘ [3]

9709_s15_ms _31.pdf

8 (i) Either Expand (2-1)? to obtain 3 -4i ¢
3+4

plified equivalent Bl

Multiply by T+ di and si x +1y form or equivalent M1
Confirm given answer Al
Or Expand (2-i)* =% or unsimplified equivalent Bl
Obtain two in x and y and solve for x or y M1
Confirm gi 2+ 4 Al [3]
(i) Identify 4«, point at either end or state p =2 orstate p=-6 Bl
0 9 o
Use approp?.‘e m ind both critical values of p M1
State 6 <p <2 Al [3]
(iii) Identify equation as of form |z - a‘ =a or equivalent MI
Form correct equation for a not involving modulus, e.g. (a-2)* +4° =a* Al

State [z -5 =5 Al (3]



[3]

) b sin(x + 1) q
(b) Find the exact value of —_dx. [5]

sinx
x \

5 (a) Find I(4+taﬂ22x]dx.

&

9709_s15_ms_31.pdf

§ (a) Useidentity tan>2x =sec?2x—1 0 BI

Obtain integral of form ax + bhtan2x M1
Obtain correct 3x + % tan2x, condoni%ence of+¢ Al [3]
(b) State sinxcos L 7+ cos ygsi E Bl

2
cosxsin+
Simplify integrand t + —————=— or equivalent Bl
sin x
Integrate t m of form a In(sin x) *MI
Apply lil’n‘il.%ﬁd sl obtain two terms M1 dep *M

Obtain ~ 7z+/3 — #n(

| :
) or equivalent Al 5
g 2 2 " B3l



9

9

The complex number 3 - i is denoted by u. Its complex conjugate is denoted by u”*.

(i) On an Argand diagram with origin O, show the points A, B and C representing the complex

numbers u, u* and u” — u respectively. What type of quadrilateral is OABC? [4]

u*
(ii) Showing your working and without using a calculator, express e form x + iy, where x
and v are real. [3]

0\
#
(iii) By considering the argument of u—, prove that 0‘

u

tan”'(3) = 2tan®

9709_w15 _ims_31.pdf

(3]

(i) Show u in a relatively correct posj B1
Show u* in a relatively corr Bl
Show u* — u in a relati B1
State or imply that O. Bl [4]

(ii) EITHER: Substi
Simplify,thénu

multiply numerator and denominator by 3 + 1, or equivalent M1
+ 6i or the denominator to 10 Al

Obtain finalanswe 1, or equivalent Al

OR: Substitute for u, obtain two equations in x and y and solve for x or for y M1
Obtain x =% or y= % , or equivalent Al

Obtain final answerfis- + % i, or equivalent Al [3]



5  The equation of a curve is y = e > tanx, for 0 < x < %n. 0

d 5
(i) Obtain an expression for ay and show that it can be writtm%in ~(a + btanx)’, where
a and b are constants., \ [5]
(ii) Explain why the gradient of the curve is never negat@ [1]
(iii) Find the value of x for which the gradient is ]eg& [1]
5 (i) State or imply that the derivative o —2e B1
Use product or quotient rule M1
Obtain correct derivative i @ Al
Use Pythagoras M1
Justify the given fo Al [5]
(ii) Fully just Bl [1]

g

(iii) State answel x =4 B1 [1]



The angles 8 and ¢ lie between 0° and 180°, and are such that bq

tan(B-¢)=3 and tan®+tano !\
Find the possible values of 8 and ¢. 0{

-
9709_w15_ms_31.pdf
Use tan(4 = B) and obtain an equation in tan@ tan ¢ M1*
Substitute throughout for tan & or for ta dep M1*
Obtain 3tan® @ —tan@ -4 =0or3ta ang—2 =0, or 3-term equivalent Al
Solve a 3-term quadratic an e M1
Obtain answer &= 135°, ¢ Al
Obtain answer €= 53.1° Al

ad. Ignore answers outside the given interval.]
@) score Al; then Al for both correct &, ¢ pairs.]

[Treat answers illti'ad'
[SR: Two comrgcBval
¥ -

®

[6]

[6]



9 (a) Itisgiven that (1 + 3i)w = 2 + 4i. Showing all necessary working, prove that the exact value of
|w?| is 2 and find arg(w?) correct to 3 significant figures. [6]

(b) Onasingle Argand diagram sketch the loci | z| =5 and |z - 5| =|z|. Hence determine the complex
numbers represented by points common to both loci, giving each answer in the form re'®. (4]

M1

9709_w15_ms_33.pdf
O
9 (a) Either Find w using conjugate of 1+ 3i \
Obtain - or equivalent Al

| O
Square x +1y form to find w’ 6 M1
Obtain w* = 48;514' and confir %2 Al

Use correct process for finding t of w’ M1
Obtain —0.284 radians or —1 Al

Or 1 Find w using conjugat M1
-l Al

d hence of w’ M1

Al

and hence of w? M1

dians or —16.3° Al

Or2 Square both sides to obtain (-8 + 6i)w’ =-12 +16i Bl
Find w’ using relevant conjugate M1

Use correct process for finding modulus of w* M1

Confirm modulus is 2 Al

Use correct process for finding argument of w’ M1

Obtain —0.284 radians or —16.3° Al



7

7

(i) Show that (x + 1) is a factor of 4x° — x> = 11x - 6.

4x% +9x -1 0
ii) Find dx.
o .[4x-"-f-11x-6 q
£

9709_w15_ms_33.pdf

(i) Either Substitute x =-1 and evaluate

(i)

Obtain 0 and conclude x+1 is a factor

Or Divide by x +1 and obtain a con ainder
Obtain remainder = 0 and con 1 is a factor

Attempt division, or equivalent, at@s far as quotient 4x” + kx
Obtain complete quotient 4

State form +
x+1 x 3
Use relevant metho g at least one constant
Obtain on =8
Obtain @l thage va
Integrate to dbtain erms each involving natural logarithm of linear form

Obtain — 2 In(x + )+ In(x — 2) + 2 In(4x + 3) , condoning no use of modulus signs
and absence of ... + ¢

M1
Al

M1
Al

M1
Al

Al

M1
Al

Al
M1

Al

(2]

(8]

2]

8]



6  The angles A and B are such that

sin(A +45°) = (2y2)cosA and 4sec’B+5= EQ

Without using a calculator, find the exact value of tan(A - B). @, [8]

9709_wl5_ms_ ,,3 pdf

o

6  State or imply sin A xcos45+cos Axsin45= @ A Bl
Divide by cos A to find value of tan 4 M1
Obtain tan 4 =3 Al
Use identity sec’B =1+ tan’B B1
Solve three-term quadratic equatj tan B M1
Obtain tan B = % only Q Al
Substitute numerica M1

PE + tan A4 tan B

Obtain 13—] » Al [8]



-

\

0 a

a———————————

tangents to the curves are parallel.

The diagram shows the curve y = cosecx for 0 < x < x and part of the curi@’x. When x = a, the

dy ¢

(i) By differentiating . show that if y = cosec x then s = xcotx. [3]

sinx

(ii) By equating the gradients of the curves at x = a, show @

il

1f €
a=tan'(, . (2]

(iii) Verify by calculation that a lies belwee@ 5 [2]

(iv) Use an iterative formula based o
places. Give the result of each i

uation in part (ii) to determine @ correct to 3 decimal
n to 5 decimal places. [3]

59_s16_ms_32.pdf

8 (i) Use correet quotié \ rule M1
Obtain correct deriy any form Al

Obtain the given afiSwer correctly Al [3]
(ii) State a correct equation, e.g. —e™* = —cosec acota B1
Rearrange it correctly in the given form Bl [2]
(iii) Calculate values of a relevant expression or pair of expressionsatx= 1l andx = 1.5 M1
Complete the argument correctly with correct calculated values Al [2]
(iv) Use the iterative formula correctly at least once M1
Obtain final answer 1.317 Al

Show sufficient iterations to 5 d.p. to justify 1.317 to 3 d.p., or show there is a sign
change in the interval (1.3165, 1,3175) Al [3]



5

5

(i) Prove the identity cos40 —4cos20=8 sin*@ - 3.

(ii) Hence solve the equation

cos48 =4cos20+ 3,
for 0° < 8 < 360°,

9709_s16_ms_22.pdf

(i) EITHER: Express cos 48in terms of cos 26 and/Qising 6

(i)

Obtain a correct expression in terms of sin

Use correct double angle formulae to expressslF ’{I erms of sin #and/or cos ¢
alo
Reduce correctly to the given form

OR: Use correct double angle forn\Qexpress RHS in terms of cos 28

Express cos’ 26 in terms of'co?
Obtain a correct expressi of cos 4@ and cos 26

Reduce correctly to t Wlorm

Use the identity
Obtain a‘lﬁﬁr 6
Obtain a se@d an
Obtain the remaini
interval

[[gnore answers outside the given interval. Treat answers in radians as a misread. ]

a method for finding a root

29150
answers, e.g. 111.5° and 248.5°, and no others in the given

B1
M1
Al
Al

M1
Bl

Al
Al

M1
Al
Al

Al

(4]

(4]

[4]

[4]



10 The polynomial p(z) is defined by

p(z) = 2° + mz® + 24z + 32,

where m is a constant. It is given that (z + 2) is a factor of p(z).

(i) Find the value of m.

(ii) Hence, showing all your working, find

(a) the three roots of the equation p(z) =0, 0
(b) the six roots of the equation p(z*) = 0. b

9709_w10_ms _33.pdf
10 (i) Attempt to solve for m the equation p(-2) = n%alent
Obtain m= 6 C

Alternative:
Attempt p(z) + (z + 2), equate a co ainder to zero and solve for m.
Obtain m=6 0
(ii) (a) Statez=-2 2
Attempt to fin factor by inspection, division, identity, ...
Obtaipg”

(b)

Usereoriect n
Obtain*-2+2

olve a 3-term quadratic equation

r equivalent

State or imply that square roots of answers from part (ii)(a) needed

Obtain +iv2
Attempt to find square root of a further root in the form x + iy or in polar form

Obtain @’ — b° =2 and ab = (i)\ﬁ following their answer to part (ii)(a)
Solve for @ and b

Obtain (1 +iv3) and +(1-iy3)

MI
Al

M1
Al

Bl
MI
Al
M1

Al

M1

Al
M1

AlN
MI
Al

(2]

[5]
[6]

(2]

(5]

(6]



8 (i) Express (v/6) cos 6 + (1/10) sin 6 in the form R cos(6 — &), where R > 0 and 0° < a < 90°. Give
the value of & correct to 2 decimal places. 3]

(ii) Hence, in each of the following cases, find the smallest positive ie which satisfies the

equation
(a) (v/6)cos B+ (1/10)sin 6 = -4, Py b 2]

(b) (V6)cosi + (vV10)sinif = 3. ‘\ [4]

8 (i) Obtain orimply R=4 Bl
Use appropriate trigonometry to find & M1
Obtain a= 52.24 or better from corr¢® Al [3]
(ii) (a) State or imply € — )

Obtain 232.2 or

a+ﬁ’ Ml
Al (2]

e using cos ' (3+R) M1
ee.g. =£4141° Al

1) to find @ MI
R
Obtain 21.7 Al [4]



P !
-l 0 \'_é’ I‘\ o
. l=-x
The diagram shows the curve v = \/(—) 0
: l+x

1 - )
(i) By first differentiating : +i, obtain an for j—; in terms of x. Hence show that the
gradient of the normal to the curve at Ll'& (x, y) is (1 + x) V(1 - x?). [5]
(ii) The gradient of the normal to the e has its maximum value at the point P shown in the

diagram. Find, by differentiatio

Obtain a correct expression in any form Al
Obtain the gradient of the normal in the given form correctly Al [5]
(ii) Use product rule M1
Obtain correct derivative in any form Al
Equate derivative to zero and solve for x M1

Obtain x = Al [4]



5 The curve with equation

6e™ + ke¥ +e¥ =,

where k and ¢ are constants, passes through the point P with coordinates 2);
(i) Show that 58 + 2k = c. o (2]
(ii) Given also that the gradient of the curve at P is -6, find ll'ées of k and c. [5]

O

9709_s11 ms_31.pdf

§ (i) Useatleastone ofe™ =9, e’ =2and e@ Bl
Obtain given result 58 + 2k =¢ Q Bl [2]

(ii) Differentiate left-han Qn by term, reaching ae™ + be-"% + cez-"% M1

Obtain 12e%.+ kad Y Al

Substitut‘c‘(h.ﬂ, In attempt involving implicit differentiation at least once, where
RHS =0 M1
Obtain 108 = 12k — 48 = 0 or equivalent Al

Obtain k=5 and ¢ = 68 Al [5]



4

The polynomial f(x) is defined by

f(x) = 12x° + 25x% — 4x - 12.

(i) Show that f(-2) = 0 and factorise f(x) completely. E q

(ii) Given that

(@

(ii)

@
l2>(273'+25x99'—4x3y—]2*\

state the value of 3" and hence find y correct to 3 sign

figures.

9709_s11 ms_31.pdf

Verify that -96 + 100 + 8 - 12=0

Attempt to find quadratic factor b

12x% + kx. inspection or usglo
Obtain 12x" +x -6

State (x + 2)(4x + 3)(

[The M1 can be ear

A and/or B o

; ¢

L 24 ”

State 3’ = %‘and

Use correct method for finding y from equation of form 3" = k, where k> 0
Obtain —0.369 and no other value

Ection has unknown factor Ax” + Bx — 6 and an equation in
X’ + Bx + C and an equation in B and/or C.]

er value

Bl

M1
Al
Al

Bl

M1
Al

(4]

[3]

(4]

(3]



9

In a chemical reaction, a compound X is formed from two compounds ¥ and Z. The masses in
grams of X, ¥ and Z present at time ¢ seconds after the start of the reaction are x, 10 — x and 20 - x
respectively. At any time the rate of formation of X is proportional to the product of the masses of ¥

and Z present at the time. When 7 =0, x =0 and i 2z

(i) Show that x and 7 satisfy the differential equation

E=(]I.Ol(lO—x)(ZCl—x). [1]
dr
(ii) Solve this differential equation and obtain an expression for x in te& [9]
(iii) State what happens to the value of x when 7 becomes large.0 b [1]

9709_s11_ms_32.pdf

(i) State or imply %: k(10 = x)(20 - x) and @Qm Bl [1]
it

(ii) Separate variables correctly and atte gration of at least one side MI

Carry out an attempt to find such that = ! + - . or
(10-x)20-x) 10-x 20-x
equivalent M1
Obtain 4 = % and or equivalent Al
Integrato%bta 10-x)+ % In(20 - x), or equivalent AlV
®

Integrate and obtag®term 0.017, or equivalent Al
Evaluate a constant, or use limits = 0, x = 0, in a solution containing terms of the form
aln(10-x), bIn(20 - x) and cr Ml
Obtain answer in any form, e.g. - %ln(lﬂ -x)+ %111(20 -x)=0.01¢ + %ln 2 AlY
Use laws of logarithms to correctly remove logarithms M1
Rearrange and obtain x = 20(exp(0.17) - 1)/(2exp(0.1¢) = 1), or equivalent Al [9]

(iii) State that x approaches 10 Bl [I]



» e

0

L/
The diagram shows the curve y =5 sin® x cos®x for 0 < x < %R’@ maximum point M.

(i) Find the x-coordinate of M. 0 [5]

(ii) Using the substitution u = cos x, find by integra e area of the shaded region bounded by the
curve and the x-axis. 5]

9709_s171_ms_33.pdf

e

m, e.g. 15sin” xcos® x —10sin* xcosx Al

tain a relevant equation in one trigonometric function MI
2, or Ssin® x=3 Al

8 (i) Use product and chain rule

Obtain correct derivati
Equate derivative to

Obtain 2tan’ x=3

Obtain answier Al [5]
PO
. "’ ’ du i .

(i) State or imply du#=sinxdx, or E= —sinx, or equivalent Bl
Express integral in terms of # and du M1
Obtain + J.S(u2 —u4)du , or equivalent Al
Integrate and use limits u =l and u=0 (orx=0and x = %:r ) M1

: 2 : :
Obtain answer 3’ or equivalent, with no errors seen Al [5]



7 (i) Find the roots of the equation
22 +(2v3)z+4 =0,
giving your answers in the form x + iy, where x and y are real. (2]

(ii) State the modulus and argument of each root. 0 [3]

(iii) Showing all your working, verify that each root also satisfies

L/

2% = —64. \ [3]

9709_s11_ms_23.pdf

7 (i) Use the quadratic formula, completing thefSqu r the substitution z = x + iy to find a

root and use i = -1 MI
Obtain final answers —+/3 +i , or equi@ Al [2]

(ii) State that the modulus of both r@ BIV
State that the argumen Q is 150° or %.‘h‘.’ (2.62) radians B1V
State that the ar, — 3 -i is —-150° (or 210°) or —%fr (—2.62) radians or
%;r(ii.ﬁ”&ans BIN [3]

®

(iii) Carry out an attempt to find the sixth power of a root M1

Verify that one of the roots satisfies z° = —64 Al

Verify that the other root satisfies the equation Al [3]



4
_ (Vx) -1
6 Letf-'[ —zuwx)dx.

2
1 <
(i) Using the substitution u = /x, show that / = J. z ox: du. q [3]
u

[6]

(ii) Hence show that/ =1 + In g.

6 (i) State or imply du = idx

\' "

obtain the given answer Al [3]

Substitute for x and dx
Justify the change 12 li

e o — -

(ii) Convert‘lgte form A4 + . M1*
u+l
Obtalﬁ'im@ran =-2 Al
Integrate and o - 2In(u +1) AV + ALY
Substitute limits correctly in an integral containing terms au and bln(u + 1),
where ab # 0 DMI1
Obtain the given answer following full and correct working Al [6]

[The ft. i1son 4 and B.]




10 (i) Itis given that 2tan2x + 5tan’x = 0. Denoting tan x by ¢, form an equation in ¢ and hence show

that either 7 = Q or r = /(7 + 0.8). [4]
(ii) It is given that there is exactly one real value of ¢ satisfying the equation t = /(¢ + 0.8). Verify
by calculation that this value lies between 1.2 and 1.3. (2]
(iii) Use the iterative formulaz A = N t, +0.8) to find the value of 7 correct to 3 decimal places. Give
the result of each iteration to 5 decimal places. [3]

(iv) Using the values of t found in previous parts of the question, solve the @[ion

2tan2x + Stan’x = 0 q
for-m<x<n. ’\ [3]

9709_s12_ms_31.pdf

10 (i) Use correct identity for tan 2x and obtains ar’ +

+dt = 0, where b may be zero M1

Obtain correct horizontal equation, e.g. 4¢ #5r — .0 0 Al

Obtain k«(r' + et + f) = 0 or equivalent MI

Confirm given results /=0 and 7 =/t Al [4]
(i) Consider sign of -1+ 0 1.3 or equivalent Ml

Justify the given state \ correct calculations (-0.06 and 0.02) Al [2]
(iii) Use the iwl?ive ectly at least once with 1.2 <r,< 1.3 Ml

Obtain finabdpswe Al

Show sufficient it s to justify answer or show there is a change of sign in interval

(1.2755, 1.2765) Al [3]
(iv) Evaluate tan™ (answer from part (iii)) to obtain at least one value Ml

Obtain —2.24 and 0.906 Al

State —7, 0 and 7 Bl [3]

[SR If A0, BO, allow BI for any 3 roots]
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R
» X
0 p2 \
The diagram shows part of the curve y = cos(+/x) for x =2 0, where x_is i ns. The shaded region
between the curve, the axes and the line x = p?, where p > 0, is de . The area of R is equal
to 1. ’\
: T > F ‘ : 3-2cosp
(i) Use the substitution x = u~ to find cos(v/x)dx. He ow that sinp = — [6]
0 P

. with initial value p, = 1, to find the value of

n
p correct to 2 decimal places. Give the r&l each iteration to 4 decimal places. [3]

-0

070G 512_ms_33.pdf

(ii) Use the iterative formula p, ,, = sin™ (

(i) Substitute for x and d iout the integral MI

Obtain |2 Al
Jousy

Integrate by parts a in answer of the form ausinu+ bcosu , where ab # 0 Ml
Obtain 2usinu +2cosu Al
Use limits # = 0, u = p correctly and equate result to 1 M1
Obtain the given answer Al

(ii) Use the iterative formula correctly at least once M1
Obtain final answer p = 1.25 Al
Show sufficient iterations to 4 d.p. to justify its accuracy to 2 d.p., or show there 1s a sign
change in the interval (1.245, 1.255) Al

6]

[3]



6

It is given that tan 3x = k tan x, where k is a constant and tan x # 0.

(i) By first expanding tan(2x + x), show that
(3k - 1) tan’x = k - 3. [4]

(ii) Hence solve the equation tan 3x = ktanx when k = 4, givi lutions in the interval
0° <x < 180°. [3]

L/
(iii) Show that the equation tan 3x = k tan x has no root in the i(&l 0°<x<180° whenk=2. [1]

O

9709_s12 ms_33.pdf

(i) Usetan (4 + B) and tan 24 formulae to an equation in tan x M1
Obtain a correct equation in tan x in Al
Obtain an expression of the fo =h MI
Obtain the given answer Q% Al [4]

(ii) Substitute k=4 int pression and solve for x M1
Obtain answer, Al
Obtain seeqnd an = 163.2°, and no others in the given interval Al [3]

[Ignore answers o
deduct A1 from t

e given interval. Treat answers in radians as a misread and
marks for the angles.]

(iii) Substitute k = 2, show tan” x < 0 and justify given statement correctly Bl [I]



