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Option 1: Vectors

1  Four points have coordinates
A(3,8,27), B(5,9,25), C(8,0,1) and D(11,p,p),

where p is a constant.

(i) Find the perpendicular distance from C to the line AB. [5]

(ii) Find E X C_])) in terms of p, and show that the shortest distance between the lines AB and CD is

21|p - 5|

V172 —2p + 26

(iii) Find, in terms of p, the volume of the tetrahedron ABCD. [4]

[8]

(iv) State the value of p for which the lines AB and CD intersect, and find the coordinates of the
point of intersection in this case. [7]

Option 2: Multi-variable calculus

2 -2
2 Inthis question, L is the straight line with equationr = ( 1 ) +A ( 2 ) ,and g(x, v, z) = (xy + z%)e" .
-1 1

. . dg Jdg g
i) Find ==, == and ==. 4
(i) Fin o Iy an 3, [4]
(ii) Show that the normal to the surface g(x, y, z) = 3 at the point (2, 1, —1) is the line L. [4]

On the line L, there are two points at which g(x, y, z) = 0.
(iii) Show that one of these points is P (0, 3, 0), and find the coordinates of the other point Q. (4]
(iv) Show that, if x = =21,y =3 +2u, z = U, and u is small, then
g(x, v, z) ~ —6ue°. [3]
You are given that £ is a small number.
(v) There is a point on L, close to P, at which g(x, y, z) = A. Show that this point is approximately

(LeSh, 3 — e, —1eSh). 2]

(vi) Find the approximate coordinates of the point on L, close to Q, at which g(x, y, z) = A. [7]
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Option 3: Differential geometry
3 A curve C has equation y = x% - %x%, for x > 0.
(i) Show that the arc of C for which 0 < x < a has length a% + %a%. [5]

(ii) Find the area of the surface generated when the arc of C for which 0 < x < 3 is rotated through
2r radians about the x-axis. [S]

(iii) Find the coordinates of the centre of curvature corresponding to the point (4, —%) on C. [9]
The curve C is one member of the family of curves defined by
— 23 1,33
y=px*—3zp’x> (forx=0),
where p is a parameter (and p > 0).

(iv) Find the equation of the envelope of this family of curves. [5]
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Option 4: Groups

4  The group F ={p, q, 1, S, t, u} consists of the six functions defined by

1 x-1 X 1
= = 1 —_ = — = — = — = —
P =x qW=1-x =< sW="— W=  u@=1—,
the binary operation being composition of functions.
(i) Show that st = r and find ts. [4]
(i) Copy and complete the following composition table for F. [3]
p q T s t u
P p q r S t u
q q p S r u t
r r u P t S q
S S t q u r P
t t S u
u|l u T t
(iii) Give the inverse of each element of F'. [3]
(iv) List all the subgroups of F. [4]

.
=

Lo -2n; . .. . .
The group M consists of {1, —1,e’, e e, e 3J} with multiplication of complex numbers as its

binary operation.
(v) Find the order of each element of M. 4]

The group G consists of the positive integers between 1 and 18 inclusive, under multiplication

modulo 19.

(vi) Show that G is a cyclic group which can be generated by the element 2. [3]
(vii) Explain why G has no subgroup which is isomorphic to F. [1]
(viii) Find a subgroup of G which is isomorphic to M. [2]
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Option 5: Markov chains
This question requires the use of a calculator with the ability to handle matrices.
5 In this question, give probabilities correct to 4 decimal places.

An electronic control unit on an aircraft is inspected weekly, replaced if necessary, and is labelled A,
B, C or D according to whether it is in its first, second, third or fourth week of service.

In Week 1, the unit is labelled A.

At the start of each subsequent week, the following procedure is carried out.

When the unit is labelled A, B or C, it is tested; if it passes the test it is relabelled B, C or D
respectively; if it fails the test it is replaced by a new unit which is labelled A.

When the unit is labelled D, it is replaced by a new unit which is labelled A.

The probability that a unit fails the test is 0.16 when it is labelled A, 0.28 when it is labelled B,
and 0.43 when it is labelled C.

This situation is modelled as a Markov chain with four states.

(i) Write down the transition matrix. [2]
(if) In Week 10, find the probability that the unit is labelled C. [3]
(iii) Find the week (apart from Week 1) in which the probabilities that the unit is labelled A, B, C, D
first form a decreasing sequence. Give the values of these probabilities. [3]

(iv) Find the probability that the unit is labelled B in Week 8 and is labelled C in Week 16. [4]
(v) Following a week in which the unit is labelled D, find the expected number of consecutive weeks
in which the unit is labelled A. [2]

(vi) Find the equilibrium probabilities that the unit is labelled A, B, C or D. (4]

An airline has 145 of these units installed in its aircraft. They are all subjected to the inspection
procedure described above, and may be assumed to behave independently.

(vii) In the long run, find how many of these units are expected to be replaced each week. [2]
A different manufacturer has now been chosen to make the units. The inspection procedure remains
the same as before, but the probabilities that the unit fails the test have changed. The equilibrium
probabilities that the unit is labelled A, B, C or D are now found to be 0.4, 0.25, 0.2 and 0.15

respectively.

(viii) Find the new probabilities that the unit fails the test when it is labelled A, B or C. (4]
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