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1 Fig. 1 shows a particle of mass 0.5 kg hanging from a light vertical spring. At time t seconds its displacement 
is x m below its equilibrium level and its velocity is v m s−1 vertically downwards. The forces on the particle 
are 

• its weight, 0.5g  N,
• the tension in the spring, 2.5(x + 0.2g) N,
• the resistance to motion, kv N, where k is a positive constant.

    

equilibrium
level

x m

    Fig. 1

 (i) Use Newton’s second law to write down the equation of motion for the particle, justifying the signs of 
the terms. Hence show that the displacement is described by the differential equation

    
d2x
dt2  + 2k 

dx
dt  + 5x = 0. [4]

 The particle is initially at rest with x = 0.1.

 (ii) Find the set of values of k for which the system is

  (A)  over-damped,       (B)  under-damped,       (C)  critically damped.

  In each of the cases (A) and (B), sketch a possible displacement-time graph of the motion. [7]

 (iii) Sketch a displacement-time graph of the motion of the particle in the case k = 0. [1]

 A subsequent motion of the particle is modelled by the differential equation

    
d2x
dt2  + 2

dx
dt  + 5x = sin 4t.

 (iv) Find the particular solution subject to the conditions that the particle is initially at rest with x = 0.  [12]
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2 A population of bacteria grows from an initial size of 1000. After t hours the size of the population is P. 
After 10 hours the size of the population is 4000.

 At first the rate of growth is modelled as being proportional to the size of the population.

 (i) Write down a differential equation modelling the population growth and solve it for P in terms of t.
 [4]

 To allow for constraints on the population growth, the model is revised to give

    
dP
dt  = kP(5000 − P),

 where k is a constant.

 (ii) Solve this differential equation to find t in terms of P, subject to the given conditions.  [9]

 (iii) Find the time it takes for the population to reach 4900, giving your answer in hours, correct to two 
decimal places. [1]

 The model is further refined to give

    
dP
dt  = 10−15P α (5000 − P),

 where α is a constant, and it is observed that the maximum rate of growth occurs when P = 4000.

 (iv) Show that α = 4. [5]

 Starting from t = 10, P = 4000, Euler’s method is used with a step length of 0.2 to solve this differential 
equation. The algorithm is given by tr + 1 = tr + h, Pr + 1 = Pr + hṖr  .

 (v) Continue the algorithm for two steps to estimate the size of the population when t = 10.4. [5]

3 Consider the differential equation

    dy
dx

 − y = x.

 (i) Sketch the isoclines 
dy
dx  = m for m = 0, ±1, ±2. Hence draw a sketch of the tangent field. [3]

 (ii) State which of the isoclines is an asymptote to any solution curve. [1]

 (iii) Sketch on your tangent field the solution curves through (2, 0) and (0, −2). [3]

 (iv) Use the integrating factor method to solve the differential equation for y in terms of x, subject to the 
condition y = 3 when x = 0. [7]

 Now consider the differential equation

    dy
dx

 − y = sin x.

 (v) Find the complementary function and a particular integral. Hence state the general solution. [6]

 (vi) Find the solution subject to the condition y = 3 when x = 0 and sketch the solution curve. [4]

www.xtrapapers.com



4

4758/01 Jan12© OCR 2012

Copyright Information

OCR is committed to seeking permission to reproduce all third-party content that it uses in its assessment materials.  OCR has attempted to identify and contact all copyright holders 
whose work is used in this paper.  To avoid the issue of disclosure of answer-related information to candidates, all copyright acknowledgements are reproduced in the OCR Copyright 
Acknowledgements Booklet.  This is produced for each series of examinations and is freely available to download from our public website (www.ocr.org.uk) after the live examination series.

If OCR has unwittingly failed to correctly acknowledge or clear any third-party content in this assessment material, OCR will be happy to correct its mistake at the earliest possible 
opportunity.

For queries or further information please contact the Copyright Team, First Floor, 9 Hills Road, Cambridge CB2 1GE. 

OCR is part of the Cambridge Assessment Group; Cambridge Assessment is the brand name of University of Cambridge Local Examinations Syndicate (UCLES), which is itself a 
department of the University of Cambridge.

4 The simultaneous differential equations

    dx
dt

 = −x + 2y

    dy
dt

 = −x −4y + e−2t

 are to be solved.

 (i) Eliminate y to obtain a second order differential equation for x in terms of t. Hence find the general 
solution for x. [14]

 (ii) Find the corresponding general solution for y. [3]

 Initially x = 5 and y = 0.

 (iii) Find the particular solutions. [4]

 (iv) Show that 
y
x   − 1

2  as t  ∞. Show also that there is no value of t for which  
y
x  = − 1

2 . [3]
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