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1 Some differential equations of the form

    
d2y
dx2 + 6 

dy
dx + 9y = f(x)

 are to be solved.

 First consider the case f(x) = x2.

 (i) Find the general solution for y in terms of x. [9]

 (ii) Find the particular solution subject to the conditions y = 0, 
dy
dx = 0 when x = 0. [5]

 Now consider the case f(x) = e−3x.

 (iii) Explain why neither ae−3x nor axe−3x will be a particular integral for the differential equation. [1]

 (iv) State an appropriate form for a particular integral and hence find the general solution. [7]

 (v) State with reasons whether it is possible to have particular solutions for which

  (A) y is positive for all values of x,

  (B) y is negative for all values of x. [2]

2 A parachutist of mass m kg falls vertically from rest. After she has fallen x m, her speed is v m s−1. The forces 
acting on her are her weight and a resistance force of magnitude mkv2 N, where k is a constant.

 (i) Show that her motion is modelled by the differential equation

v 
dv
dx = g − kv2

  and solve this to show that v2 = 
g
k  (1 − e−2kx). [8]

 (ii) Given that her terminal speed is 55 m s−1, calculate k. [1]

 When her speed is 54 m s−1, she opens her parachute. The motion is now modelled by assuming that the 
magnitude of the resistance force instantaneously changes to 0.1mgv N. The time from the parachute 
opening is t seconds.

 (iii) Formulate and solve a differential equation to find v in terms of t. [8]

 (iv) Calculate the time it takes for her speed to reduce to 12 m s−1. [1]

 (v) Calculate the distance she falls from the point at which she opens her parachute to the point at which 
her speed is 12 m s−1. [6]
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3 The differential equation x 
dy
dx − 2y = x3 sin x is to be solved.

 (i) Find the general solution for y in terms of x. [8]

 (ii) Find the particular solution subject to the condition y = 0 when x = π. Sketch the solution curve 
for 0  x  4π. [5]

 Now consider the differential equation x 
dy
dx − 2y2 = 0.

 (iii) Find the general solution for y in terms of x. [5]

 Now consider the differential equation x 
dy
dx − 2y2 = x3 sin x.

 This is to be solved numerically using Euler’s method. The algorithm is given by
xr + 1 = xr + h, yr + 1 = yr + hy′r with (x0, y0) = (3.14, 0).

 (iv) Use a step length of 0.01 to estimate y when x = 3.16. [5]

 (v) How could this estimate be improved? [1]

4 The simultaneous differential equations

    dx
dt

 = −2x − y + 6,

    dy
dt

 = x − 2y + 7,

 are to be solved.

 (i) Eliminate y to obtain a second order differential equation for x in terms of t. Hence find the general 
solution for x. [12]

 (ii) Find the corresponding general solution for y. [3]

 Initially x = 7 and y = 0.

 (iii) Find the particular solutions. [4]

 As t  ∞, yx   k.

 (iv) State the value of k and show that y = kx for infinitely many values of t. [5]
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