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1  Anparticle is attached to a spring and suspended vertically from a point P which is made to oscillate vertically.
The vertical displacement, x, of the particle from a fixed point at time ¢ is modelled by the differential

equation
2
2M+ 3Q+ X = cost.
dr? dr
(i) Find the general solution of the differential equation. [8]

Initially the displacement and velocity of the particle are both zero.
(i) Find the particular solution and sketch its graph for large positive values of z. [6]
(iii) Find approximate values of the displacement and velocity at ¢t = 107. [3]

The point P stops oscillating at # = 107z and the subsequent motion of the particle is modelled by

d’x , ndx
2dt2+3dl+x_ 0.
(iv) Determine the type of damping present. 2]
(v) Using the values obtained in part (iii), find the particular solution for this motion. [5]

2 In this question take g = 10.

A rocket of mass 500kg is launched from rest from the sea bed at a depth of 124 m. It travels vertically
upwards. After ¢s it has risen xm and its velocity is vim s

In a simple model, for all stages of its motion, the mass of the rocket is constant and the only forces acting
on it are its weight, a driving force of 10000 N and a resistance force.

When in the sea, the magnitude of the resistance force is modelled by kv N, where £ is a constant.

5000(1 _ e_L)

500
k

(ii) Find x in terms of ¢ and k. [3]

(i) Write down and solve a differential equation to show that v =

8]

The time for the rocket to reach the surface of the sea is 5s.

(iii) Verify that k£ = 2.5 is consistent with this information and hence estimate the speed of the rocket when
it reaches the surface. 3]

After the rocket reaches the surface it travels vertically upwards through the air and the magnitude of the
resistance force is now modelled by 0.4v* N.

(iv) Show that v% = 10— 0.0008v>. 2]

(v) Solve this differential equation to find the particular solution for v in terms of x. Sketch a graph of this
solution, showing the asymptote. [8]
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3 (a) The differential equation Ey + 2y = sin2x is to be solved.

(i) Find the complementary function and a particular integral. Hence write down the general solution.

171

(ii) Find the particular solution subject to the condition y = 2 when x = 0. Sketch the solution curve

for x > 0. [4]
(b) The differential equation % + 2y = e " is to be solved.
(i) Use the integrating factor method to find the general solution for y in terms of x. [5]
(ii) Find the particular solution subject to the condition y = 2 when x = 0. [2]
dy

(¢) The differential equation — + 2y = tanx is to be solved subject to the condition y = 2 when x = 0.

dx

1
Use an integrating factor and the approximation f e*tanxdx ~ 2.71862 to calculate an approximate
value of y when x = 1. 0 [6]

4  The simultaneous differential equations

dv _ 5
T 2y—z
Y_

dr x+3y+z
d_

dr

are to be solved. Whent= 0, x=1, y= 0 and z = 2.
(i) Use the third equation to find the particular solution for z in terms of ¢. 2]

(i) Using part (i) eliminate y and z to obtain a second order differential equation for x. Hence find the

general solution for x in terms of ¢. [12]
(iii) Find the corresponding general solution for y. [3]
(iv) Find the particular solutions for x and y. (4]
(v) Show that x = y when 3sin¢ = ¢~ . Deduce that x = y occurs infinitely often. [3]
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