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1  This question concerns the family of curves with parametric equations
xX=acost+3 cos%, y=asint—3 sin%
where 0 <7 < 67.

(i) Sketch the curves in the cases @ = 2, @ = 3 and @ = 4 on separate axes.
State one common feature of these three curves.
State one distinctive feature of the curve for the case a = 2. (7]

(i) For the case a = 2, find the values of 7 in the range 0 < ¢ < 27 at the points where the curve intersects
the y-axis.

Hence find the coordinates of the points of intersection with the y-axis for the complete curve. [5]
(iii) The distance from the origin of a point on a curve in this family is denoted by 7.

Show that
2 _ St 2
r° = (6a cos?) +a” +9.
Show that the values of # for which the curve has maximum and minimum distance from the origin are

independent of a.

Find the maximum and minimum distance from the origin for a point on the curve for the case
a=2. 171

(iv) For the case a = 2, confirm the feature of the curve at the point where ¢ = 6?7[ by investigating the

gradient as ¢ — 6?” (3]

3
2 This question concerns the functions f(z) = sin z and g(z) = z— % where z € C.

3
(i) Find the root of the equation z— % = 0.3+0.4i for which 0 < Re(z) < 7 and Im(z) > 0. 2]

(i) It is to be investigated whether this root provides a good approximation for a root of the equation
sinz = 0.3+0.41.

Find the root of the equation sin z = 0.3 +0.41 for which 0 < Re(z) < 7 and Im(z) > 0. Hence find
the errors in the real and imaginary parts of the approximation. 13]

(iii) The function g(z) is used to approximate f(z) for z = a+0.4i, where a > 0. Construct a spreadsheet
that will calculate the error in the real part of this approximation for different values of a. State the

formulae you have used in your spreadsheet.

Use your spreadsheet to find, correct to 1 decimal place, the minimum positive value of a such that the
real part of g(z) exceeds the real part of f(z)by more than 0.001. 7]

(iv) Use the Newton-Raphson method to find a numerical solution to the equation sinz = 0.3 +0.41 with
starting value z; = 0.

Show sufficient iterations to establish the result with both real and imaginary parts correct to 4 decimal
places. [5]
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(v) Give the Maclaurin expansions for sinz and sinhz and hence state the relationship between sinz
and sinhz.

Find the root of the equation sinh z = 0.4 —0.3i for which Re(z) > 0 and —7 < Im(z) < 0. Show that
this root is consistent with the relationship. [6]
3 (i) Create a program to find all the values of n such that 2" = 2 (mod »n) with 3 < n < 30.
You should write out your program in full and list all the values it gives. [5]
(ii) Edit your program to find a value of n such that 2" = 2 (mod #) and # is not prime with 3 < n < 500.
State the changes you have made to your program and the value you have found.
State Fermat’s Little Theorem and explain why this value does not disprove it. [5]

(iii) Create a program to find all the pairs of values of @ and b such that 2 = 2 (mod b) and 27 =2 (mod a),
where a and b are distinct primes with 3 < a < 100 and 3 < 5 < 100.

You should write out your program in full and list all the pairs of values it gives.
Check one of your pairs of values by calculating 2 and 2%, 9]
(iv) Show that, if ¢ and b are distinct primes, 2 = 2 (mod b) = 2%’ = 2 (mod b).

Given that 2°=2 (mod b) and 2°=2 (mod a), where ¢ and b are distinct primes, show that
2% =2 (mod ab).

Find a value of 7 that is not prime for which 2" = 2 (mod n) and n > 500. [6]

END OF QUESTION PAPER
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