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1	 This question concerns the family of curves with parametric equations

,cos sin tanx t y t k t
2

= = -  ,

	 where k is a positive integer and t1 1r r- .

	 (i)	 Sketch the curves for the cases k = 1, k = 2 and k = 3 and give the points of intersection with the axes.

	 	 Describe two common features of these three curves and one distinct feature for each of the cases
	 	 k = 1 and k = 2.	 [7]

	 (ii)		For the case k = 1, find, in cartesian form, the points on the curve where the tangent to the curve is 
parallel to the x-axis. [4]

	 (iii)	 For the case k = 2, confirm the feature of the curve at the point where t = 0 by investigating the gradient 
as t 0" . [4]

	 (iv)	 For the case k = 3, show algebraically that there are no points on the curve where the tangent to the 
curve is parallel to the x-axis. [3]

	 (v)	 Sketch the polar curve

cos
cosr 2
i
i

=  .

	 	 Show algebraically that the parametric equations

,cos sin tanx t y t t
2

= = -

	 	 represent this polar curve.

[6]

2	 (i)	 Find, in the form x + iy, the values of sinh z  for lnz k2 i= +  where k = −3, −2, −1, 0, 1, 2, 3.

	 	 Sketch the points representing these values on an Argand diagram.

	 	 Show that the points in an Argand diagram representing sinh ln k2 i+^ h, where k R!  , lie on an ellipse

	 	 with equation of the form 
a
x

b
y

1
2

2

2

2

+ = , where a and b are to be determined. [8]

	 (ii)	 F1 and F2 are the points representing the roots of the equation z 1 0
2 + =  on an Argand diagram. The 

points A and B on the ellipse found in part (i)	have coordinates ,a 0^ h and ,b0^ h respectively.

	 	 Show that F A F A F B F B
1 2 1 2
+ = +  where F1A denotes the distance from F1 to A. [3]

	 (iii)	 The function f(z) has derivative z z 1f
2= +l^ h . Given that 0f i

2

5 =a k , show that the points representing 
the roots of z 0f =^ h  on an Argand diagram form an isosceles triangle and that the midpoints of the 
sides of this triangle lie on the ellipse in part (i). [8]
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	 (iv)		Find the midpoints of the sides of the triangle formed by the points representing the roots of 

z z3
27
730

0
i3 + + =  on an Argand diagram. Show that the complex numbers represented by these points 

can be written in the form sinh ln k3 i+^ h where ,k kR 1 1! r r- . [5]

3	 This question concerns Gaussian integers z of the form a b i+ , where ,a b Z! .

	 (i)	 Create a program that will find all the Gaussian integers z, in the form a b i+ , that are squares of 
Gaussian integers where a0 20G G  and b0 20G G .

	 	 You should write out your program in full and write down the Gaussian integers found. [8]

	 (ii)	 For the values of z found in part (i) for which Re z 0=^ h  and Im z 02^ h , the complex numbers w are 
defined by w z2 =  with Re w 02^ h . Sketch the points representing w on an Argand diagram.

	 	 Show that z k2 i
2=  for these values of z, where k Z!   . [3]

	 (iii)	 Show that z is a positive real square of a Gaussian integer if, and only if, z is the square of a real 
integer. [4]

	 (iv)		Show that if a bi+  is the square of a Gaussian integer, where a and b are positive integers, then 
a b c2 2 2+ =  for some positive integer c. Show that the converse of this statement is not true. [5]

	 (v)	 Let z be a Gaussian integer of the form v 1
2 +  where v is a Gaussian integer. Find, in the form	a b i+ , 

all the values of z for which a0 20G G  and b0 20G G . Indicate clearly the method you have used.

	 	 Show that v 1
2 + , where v is a Gaussian integer and v 22 , is never a Gaussian prime. [4]
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