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SECTION A (36 marks)

1 Tfilse szrg;ession «/nf 1 is sometimes approximated by 1 when
n .

(i) Find the absolute and the relative error in this
approximation when n = 40. [2]

(1i) Using trial and error or otherwise, find the smallest integer
n for which the magnitude of the relative error is less
than 1%. [2]

2 You are given that the equation

X>+x-3=0
has a single real root o, where 1 < o < 2.

(i) Use the Newton-Raphson method with x, = 1.5 to find o
correct to 5 decimal places. [5]

(1i) By considering ratios of differences, show that the
Newton-Raphson method is faster than first order. [3]

3 A function f(x) has the following values, correct to 5 decimal
places. (The values of x are exact.)

X 0.5 1 1.5 2 2.5

f(x) 0.95885 | 0.84147 | 0.66500 | 0.45465 | 0.23939

2.5
(i) Obtain two Simpson'’s rule estimates of 7 = L) ; f(x)dx. [3]

(i) State the order of Simpson’s rule and hence estimate the
value of 7 that would be obtained if f(x) were known at
x = 0.75, 1.25, 1.75, 2.25. [4]

(iif) Give the value of I to the accuracy that is justified. [1]
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4 (i) State the orders of accuracy of the forward difference and
central difference formulae for numerical differentiation.
Explain what this means in practice. [3]

(i) A function g(x) has the following values, correct to
5 decimal places. (The values of x are exact.)

X —0.2 —0.1 0 0.1 0.2

g(x) 0.75560 |0.87686 |1 1.12314 |1.24440

Obtain two estimates of g'(0) using the forward difference
formula, and two estimates of g'(0) using the central
difference formula.

Comment on your estimates. [5]

5 A function h(x) has values as shown in the table.

X h (x)

0 1.35701
0.5 1.41333
1 1.38177
1.5 1.264 31

(i) Show, by means of a difference table, that h (x) can be well
approximated by a quadratic. [3]

(i) Use Newton’s forward difference interpolation formula
with x, = 0 to write down an expression for the quadratic
approximation to h(x). (You do not need to simplify this
expression.) [3]

(iii) Find the error in the quadratic approximation at x = 1.5. [2]



SECTION B (36 marks)
6 (i) Show, by means of a sketch graph, that the equation
kx=3"%, (¥
where k > 0, has exactly one root. [4]
(ii) Show numerically that the iterative formula
X, q= % 375, (+%)
with x, =1,
(A) converges in the case k£ = 0.5,
(B) diverges in the case k = 0.4.

Explain why it would NOT be a good idea to use (**) in the
case k= 0.5. [7]

(iii) Show that (*) may be rearranged as
x=0.5(x+737%).

Use an iteration based on this rearrangement to find the
root of (*), correct to 4 decimal places, in the cases

(A) k=0.5,
(B) k=0.4. [7]



Let S, be the sum of the first » terms in the series

_r 1
1—2+3-2+.. ()

It is known that S, converges to a limit S as » tends to infinity.
A spreadsheet is used to investigate the rate of convergence
of § toS.

(i) The spreadsheet gives S,,,, = 0.692 647, hence 0.692 65
to 5 decimal places.

Find S, 5,1 and S, 44, correct to 5 decimal places. Comment
on the rate of convergence of S,. [4]

(if) Show, by combining adjacent terms, that (*) may be
written as

1.1 . (x*
gttt (%)

State the next two terms in this series. [3]

Let 7 be the sum of the first n terms of (**). A spreadsheet is
used to investigate the rate of convergence of T,.

(iii) Explain why T,, will be 0.692 65 correct to 5 decimal
places.

Find T,,, and T, correct to 5 decimal places. Comment
on the rate of convergence of 7. [4]

An improved method for summing (**) is to add a ‘correction
term’ as follows.

1 *%k%*
T+ 22 )

(iv) Evaluate (***) correct to 5 decimal places for » = 500 and
n = 501.

Comment on your answers. [4]
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(v) Discuss briefly what your answers to parts (i), (iii) and (iv)
indicate about convergence when successive answers
agree to a certain number of decimal places.

Explain which, if any, of the sums calculated you would
regard as the value of § correct to 5 decimal places. [3]
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