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Option 1: Vectors

1  Four points have coordinates A(0, 1, —4), B(5, 6, 1), C(6, 1, 4) and D(-6, 1, 1).

(i) Find the shortest distance from A to the line CD. [5]
(ii) Show that the shortest distance between the lines AB and CD is v/26. [5]
(iii) Find points P and Q, lying on AB and CD respectively, such that PQ is of length v26. [6]
(iv) Explain why the lengths found in parts (i) and (ii) are not the same. 1]
(v) Find the equation of the plane II that contains the line CD and is parallel to the line AB. [3]
(vi) You are given that the point E (0, —1, 1) lies on II. Find the volume of the tetrahedron PECD. [4]

Option 2: Multi-variable calculus

2 Asurface has equation z = (x* + yz)(x +1).

(i) (4) Show that there is a stationary point at the origin. 4]
(B) By considering small values of x and y find the nature of this stationary point. [3]
(ii) (4) Show that there is exactly one other stationary point. Find its coordinates. [3]

(B) By considering sections of the surface at this stationary point, show that this point is neither a
maximum nor a minimum. [6]

(iii) The point P(1, 1, 4) lies on the surface and the point Q(1 + A, 1 + &, 4 + k) is a point on the surface

close to P.
Find an approximate expression for k& in terms of /. [4]
(iv) Find the equation of the tangent plane to the surface at point P. (4]
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Option 3: Differential geometry

3 Acurve has parametric equations x = a(6+sin6), y = a(l —cos8), for 0 <6 <27

where « is a positive constant. The point A on the curve has parameter 6 = lﬂ.

2
(i) Show that
(4) the curve passes through the origin, [1]
(B) the arc length, s, from the origin to the point A is 2av/2. [6]
(ii) The curve from O to A is rotated through 27 about the x-axis. Find the area of the curved surface
generated. [5]
(iii) Find
(A) the intrinsic equation of the curve, [4]
(B) the centre of curvature for point A. [8]
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Option 4: Groups

4 (a) The composition table for a group G of order 6 is given below.

a b c d e f

a c f e b a d

b f a d e b c

c e d a f c b

d b e f c d a

e a b c d e I

f d c b a f e
(i) State the identity element. 1]
(ii) State the order of each element. [3]
(iii) Write down the inverse of each element. [3]
(iv) Determine whether G is cyclic. 2]

(v) List all the proper subgroups. Comment on the order of these groups in relation to Lagrange’s
theorem. [31]

(vi) Specify an isomorphism between G and the group F consisting of {1,2,3,4,5,6} under
multiplication modulo 7. [4]

(b) A group H is commutative and has e as its identity element. Three elements of the group, a, b, and
¢ have order 2, 3, and 5 respectively. The order of H is the minimum value consistent with these

properties.
(i) State the order of H. 1]
(ii) Prove that the order of ab is 6. (4]
(iii) Prove that H is cyclic. [3]
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Option 5: Markov chains
This question requires the use of a calculator with the ability to handle matrices.

5  Two bags, A and B, have a total of 3 balls in them. An event is to choose a ball at random, find the bag it is
currently in, and transfer the ball to the other bag.

The transition matrix, M, for the number of balls in bag A is shown below.

1
0 3 0 0
1o 2 o0
M= 2
0 3 (1) 1
0 0 3 0
(i) Explain carefully the contents of the second column. 3]

(ii) Explain what is meant by a reflecting barrier in a Markov chain.

Identify any reflecting barriers in this situation. [3]
(iii) Find M* and M°. [4]
(iv) Find the limiting values of M*" and M """ as n tends to infinity. [4]

(v) Find the equilibrium probabilities that bag A contains 0, 1, 2 or 3 balls. Comment on your answer in
relation to the results of part (iv). [4]

(vi) Find the probability that bag A contains the same number of balls after 15 stages that it did after
12 stages. Show clearly how you obtain your answer. 3]

(vii) Now suppose that the situation is as before but with a total of 4 balls in the two bags. Write down the
5 x5 transition matrix for bag A. 3]

END OF QUESTION PAPER
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