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Option 1: Vectors
1  The equations of two planes, P and Q, are as follows.

P x+2y—-2z=11
O 2x— y+ z=17

The planes intersect in the line L.
(i) Find a cartesian equation for L. [5]
(ii) The point with coordinates (a, 1, 1) is equidistant from P and Q. Find the two possible values of a. [4]
The points B and C have coordinates (1, 2, 7) and (1, 0, —5) respectively.

(iii) Show that B lies on Q but not P and that C lies on P but not Q. Explain why this means that the lines
BC and L are skew. 2]

(iv) Find the shortest distance between the lines BC and L. [5]
The point E is the mirror image of C in the plane Q, and O is the origin.

(v) Find the volume of the tetrahedron OBCE. [8]

Option 2: Multi-variable calculus
2 The surface S has equation z = x + 4x2y - 2y2 + 2.
(i) Show that the tangent plane to the surface at the point (1, 1, 5) has equation z = 9x — 4. [5]

(ii) Show also that if a tangent plane to S has equation z = 9x + k then the only possible value for k is —4.
[31]

(iii) A point on the surface has coordinates (1 + @, 1 + a, 5 + b) where a and b are small. Show that b =~ Aa,
where A is a constant to be determined. 3]

(iv) Find the coordinates of the points on the surface at which the normal line is parallel to the vector
i+16j—k. [4]

(v) Show that the only stationary point, A, on S has coordinates (—%, %, %3)

By finding the cross-sections through A parallel to x = 0 and y = 0 respectively, determine the nature of
this stationary point. [9]
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Option 3: Differential Geometry
3 (a) Prove by integration that the surface area of a sphere with radius a is given by S = 4rra’. [6]

(b) A curve has parametric equations x = 6r, y=4t— 3£. The curve crosses the x-axis at the origin O and
at the point A, as shown in the diagram.

y
A
0 \ A =
Find
(i) the values of ¢ at the point A, [2]
(ii) the length of the arc OA for which ¢ is positive, [6]
(iii) the radius and centre of curvature at the point where ¢ = % [10]

Option 4: Groups

4  You are given that the set {1, 2, 4, 7, 8, 11, 13, 14} together with the binary operation of multiplication
modulo 15 forms a group G.

(i) Find the order of each element of G. (4]
(ii) (4) A subgroup of G has order n. Write down the possible values of n. 2]
(B) State all the proper cyclic subgroups of G. [4]

(iii) For each of the following three cases, determine whether the set together with the binary operation
forms a group. If the set does form a group, state whether or not it is isomorphic to G, justifying your
answer. (You may assume that each of the binary operations is associative.)

(4) Theset {0,1,2,3,4,5, 6,7} together with the binary operation of addition modulo 8.
(B) Theset {1,2,3,4,5,6,7, 8} together with the binary operation of multiplication modulo 9.
(C) The set of matrices
T Y e B Y A B A Y i
01/ \1 07\ 0-=1/\=-10"\10"\-1 0"\0-1/\01
together with the binary operation of matrix multiplication. (You may assume that the set is closed
under matrix multiplication.) [14]
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Option 5: Markov chains

This question requires the use of a calculator with the ability to handle matrices.

5  Ata factory there are four security lights, 4, B, C and D, only one of which is on at any time; which light is
on at any time can be randomised by control equipment. A number of programs are devised so that the lights
switch from one to another every minute with certain probabilities. For example, if 4 is on then at the next
minute one of B, C or D will come on, with probabilities determined by the particular program being used.
The time after the start of a program is denoted by # minutes. Light 4 comes on when 7= 0.

For program 1 the transition matrix is as follows.

0 020104
P — 02 0 06 04
103 04 0 0.2
0504 03 0

The four rows and columns correspond to lights A4, B, C, D in that order.
(i) Interpret the values in the leading diagonal, stating the run length for each light. 2]
(ii) Find the probabilities that A comeson at¢= 1,2, 3 and 4. [4]

(iii) The equilibrium probability for 4 is a. From your working in part (ii), write down a range within which
a lies. 2]

(iv) Find the probability that the light that comes on at # = 5 is different from the light that comes on at
t=1. [5]

For program 2 the following rules apply.
*  The light following 4 is always B.
e The light following B is never D and is equally likely to be 4 or C.
*  The light following C is never 4 and is equally likely to be B or D.
*  The light following D is always C.
(v) Write down the transition matrix, P,, for program 2. 2]

(vi) For program 2 identify any absorbing states and reflecting barriers. 13]

(vii) Find the proportions of times that each light is on over a long period. Give your answers as exact
fractions. [6]
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